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ABSTRACT: Sampling strategies are considered for efficiently detecting threshold excursions
within realizations of random fields. By considering costs of sampling and costs of non-
detection of excursions, a risk-based sampling framework is described. Computation of excur-
sion probabilities, conditional upon observations from samples, is performed by using a condi-
tional simulation technique to generate realizations of random fields that are consistent with the
observed values. Simple numerical examples are used to demonstrate the use of the approach,
and to illustrate how it might be used to identify adaptive sampling schemes that will aid in effi-
ciently detecting threshold excursions. The problem is motivated by geotechnical sampling
problems, where a limited testing budget is available to obtain information about the potential
presence of interesting features underground (e.g., pockets of weak or liquefiable soil).

1 INTRODUCTION

The goal of many geotechnical testing activities is to understand the range of potential values
that various soil properties might take. This includes intrinsic soil properties such as strength or
soil type, as well as levels of contamination in the soil. Because these properties are unknown,
they can be represented by random variables. As the properties also tend to be spatially depend-
ent (due to, for example, similarities in materials and deposition patterns), the spatial distribu-
tion of soil property values might be represented by a random field.

Common goals in a geotechnical testing activity are to characterize the probability distribu-
tion of some soil property (or properties) at a given location, or to estimate the spatial depend-
ence of the soil property [1]. A third goal might be to detect whether the soil property exceeds
some given value within the region of interest. This may arise if an engineer is trying to identify
areas within a site having low bearing capacity or high liquefaction susceptibility.

In this paper, sampling strategies to most effectively achieve this third goal of detecting ex-
cursions are considered. This goal is closely related to search theory, a topic studied in great de-
tail (see, e.g., the survey of [2]). This study varies slightly from most search theory applications,
which are concerned with detecting a discrete feature, in that here we are considering extreme
values of a continuous random field, so that even non-excursions provide information about the
likelihood of an excursion in nearby areas. The fact that all observations provide differing levels
of information, however, can greatly increase the numerical complexity of the problem.

Here, a series of simple calculations are performed to illustrate the problem and to point to ef-
fective strategies for sampling. With these basic results obtained, potential extensions to more
complex situations are discussed.



2 RANDOM FIELD DEFINITION

It is assumed that the property of interest is a Gaussian random field with known mean, variance
and autocorrelation. In the example below, the following model is assumed:
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where - (X,y) and op(X,y) are the mean and standard deviation, respectively, of the random
field F at location {x,y}. The term p(Ah) is the autocorrelation of the random field at two
points separated by a distance Ah, and d is a constant controlling the scale over which correla-
tions are significant. The field is assumed to be stationary and isotropic to simplify the presenta-
tion, although those conditions can be relaxed without difficulty. The objective is to determine
whether a given realization of the random field exceeds a given threshold within some finite
domain, using as few samples as possible.

3 RISK-BASED SAMPLING

Although the computational expense can be severe, risk-based sampling approaches provide a
useful and rational approach for optimizing sampling strategies [3, 4]. The concept of this ap-
proach is to take samples in a manner that minimizes the risk associated with the system. In this
way, the cost of sampling and expected cost of potential failures can be minimized. In the most
general sampling approach here, the number of samples and locations can be left unspecified,
and further samples can be taken as long as the marginal cost of additional samples is less than
the marginal value of information from the additional samples. A simpler problem is one where
the number of samples is specified, and only the locations of the samples must be chosen. Sam-
pling strategies will also change depending upon whether the sampling is adaptive (i.e., ob-
served results from previous samples can be used when choosing future sample locations) or

whether all sample locations must be chosen before sampling begins.
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Figure 1: A decision tree for deciding the optimal number of samples and their locations.

To illustrate this sampling approach, we first consider the case where samples are taken until
the value of information provided by the sample is less than the cost of the sample. To illustrate,
consider an example where each sample has a cost of 1 unit. Classifying a realization as contain-



ing an excursion leads to an additional cost of 10 units, due to mitigation measures that are
needed; this cost is incurred regardless of whether an excursion actually exists. Failing to detect
an excursion has a cost of 100, which represents the cost of a delay during construction to take
remedial actions, or the cost of a failure in the future.

A decision tree for this example is shown in Figure 1. The classification decision (the shaded
decision node in Figure 1) is straightforward to calculate. Because the number of samples and
their locations is specified, it only remains to compute the probability of an excursion, denoted
p, conditional upon the observed sample values (a method for computing this probability is dis-
cussed in the following section). For this example, if p<0.1 then the minimum expected cost is
obtained by classifying the site as having no excursions (E[cost] = 100*p + n). If p>0.1 then the
minimum expected cost is obtained by classifying the site as having an excursion (E[cost] = 10
+ n). For p=0.1, the two choices are equivalent.

Pre-posterior decision analysis can in principle be used to determine the number of samples to
be taken and their locations [5]. In practice, however, computing the costs required to evaluate
this decision is very difficult. The value of information obtained from an additional sample must
be maximized by optimally choosing the location at which the sample should be taken. But the
location at which the sample should be taken, and its value, depends upon the number of further
samples that might be taken (i.e., if this is the last sample, it should be placed in the middle of an
area of interest, but if two more samples are to be taken, then they might be spaced to provide
more uniform coverage).

Finding the optimal sampling strategy requires evaluating every possible path in Figure 1, be-
cause decision path will depend upon the (random) observed values of future samples. As a con-
sequence of this, the problem differs from deterministic dynamic programming problems, where
many branches do not need to be evaluated in order to locate the optimal decision path. Using
symmetry arguments, some of the potential combinations are equivalent and the number of
evaluations can be reduced. But because the excursion probabilities needed for formulating de-
cision rules are calculated based on numerical simulations, it is prohibitively computationally
expensive to evaluate decision trees having a large number of possible paths.

To simplify the decision problem, one could first fix the allowed number of samples so that
the decision problem only involves choosing the locations of these samples. This is perhaps a
realistic situation for many practical problems (e.g., the budget for testing is fixed before testing
begins, or the sampling equipment is mobilized for a fixed amount of time). Because the number
of possible decisions is greatly reduced in this case, it is possible to perform some calculations.

3.1 Conditional excursion probability, given observations

When deciding whether to classify a site as having an excursion or not, it is necessary to com-
pute the probability of a threshold excursion, given the observed values from completed tests.
Although many analytical results have been derived relating to properties of random fields [6-8],
no methods exist for computing excursion probabilities conditional upon observations. Thus a
conditional simulation procedure is used here. This procedure can be used to simulate realiza-
tions of the random field that are consistent with the specified mean, variance and autocorrela-
tion of the field, but that also agree perfectly with observed values at specified locations (see,
e.g., [9]). The procedure takes advantage of the fact that conditional distributions of joint stan-
dard Gaussian random variables are also Gaussian with the following distribution
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where y is the vector of observed values from previous measurements, Y is the vector of random
variables at unobserved locations in the area of interest, X4, is the covariance matrix of the un-
observed values Y, X, is the covariance matrix of the random variables associated with the ob-
served locations, and X;, and X,; are the cross-covariance matrices between the random field
values at the observed and unobserved locations. This approach is explained in more detail
elsewhere [9].

It is in general not possible to compute excursion probabilities directly from the result of
equation (4). One can, however, simulate samples from this distribution, and then count the
number of samples that contain an excursion. Using this Monte Carlo approach, it is possible to



estimate excursion probabilities conditional upon any set of observed values at any locations of
interest. Example conditional simulations in one dimension are shown in Figure 2b.

4 EXAMPLE CALCULATIONS

Several simple examples are described in the following sections, to illustrate how the above
framework can be applied.

4.1 One-dimensional sample space

The simplest possible example is to first consider only a one-dimensional domain of interest,
and to consider a small number of samples in that area. The region of interest is assumed to be
the interval from 0 to 100, and the random function is defined by Equations 1 through 3, with
the distance parameter d equal to 25. The threshold level of interest is set equal to 2. The cost of
classifying a site as having an excursion was set equal to 40, while the cost of not identifying an
excursion is equal to 100 and the cost of samples was neglected because the number of samples
is constant. An example realization is shown in Figure 2a, and conditional simulations of this
one-dimensional random process are shown in Figure 2b. Because the marginal distribution of
individual locations is standard Gaussian, their individual exceedance probabilities are equal to
1-d(2) =0.023, where ®(-) is the standard Gaussian cumulative distribution function. The
probability that a given realization of the field will contain an excursion is estimated using
Monte Carlo simulation to be 0.304.
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Figure 2: (a) A single realization of the random process in one dimension. (b) Five realizations of the ran-
dom process, conditional upon observing a value of 0 at location X = 0.

This example can be used to confirm the potential benefit of an adaptive sampling scheme.
Figure 3 shows expected costs, given that a second sample is taken after observing the value at
location X=0. The costs are conditional upon the observed value at the first location. If the first
location is observed to have a value much below the threshold (i.e., on the left side of Figure 3),
then the cost is minimized by taking the second sample at a location far from the location of the
first sample. If, however, the first sample yields an observation near to the threshold value, then
the cost is minimized by taking an additional sample near to the original sample. This makes in-
tuitive sense: if the first sample suggests that the surrounding region is “safe” (far below the
threshold) then additional samples should be taken elsewhere, but if the first sample indicates a
potential nearby excursion, then additional samples at nearby locations will be useful.



By accounting for the probability distribution of the observed value at the first sample loca-
tion, and assuming that the second sample is taken at whichever of the three locations minimizes
the expected cost, one can compute that the expected cost of this adaptive sampling scheme is
27.1. In contrast taking two samples at {0, 10}, {0, 40}, and {0, 70} yields expected costs of
29.3, 27.5, and 28.0, respectively. Thus, as would be expected intuitively, the adaptive sampling
scheme yields lower expected costs than the alternative non-adaptive schemes. The relative
benefit of adaptive sampling schemes is expected to increase significantly as the number of
samples increases.
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Figure 3: Expected cost of a second sample, conditional upon the observed value at the first location. The
first sample is taken at X=0, and results are shown for three potential second locations.

4.2 Two-dimensional sample space

In this example, the sample region of interest is a surface of dimension 100 x 100, composed of
discrete cells each having dimension 1 x 1. Examples of the simulations are shown in Figure 4.
The Gaussian field was defined according to equations 1 through 3, and a threshold level of 3
was chosen. The marginal threshold exceedance probabilities of individual locations are equal to
0.0013, and the probability that a given realization of the field will contain an excursion is 0.28.

Figure 4: Example simulations of the random field used for calculations.



Direct simulation of these realizations is possible, but requires inversion of a 10,000 x 10,000
covariance matrix. To save computational expense, a conditional simulation approach was used
(see [10] for details). Figure 5 shows the excursion regions of the simulations from Figure 4.
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Figure 5: Threshold excursions of the random field simulations shown above.

4.2.1 One sample

When only one sample is to be taken in the region, intuition suggests that it should be taken in
the middle of the site. To confirm this using the proposed procedure, six sample locations are
considered: in each case the y value of the sample location is 50, and x values of 0, 10, 20, 30,
40 and 50 are considered, as illustrated in Figure 6a. Because of symmetry, x values greater than
50 are not needed, and the x and y coordinates can be interchanged to reflect sampling along the
vertical axis.
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Figure 6: (a) lllustration of the six potential sample locations to be considered. (b) Probability of an excur-
sion, conditional upon the observed value at the potential sample location.



For each sample location and potential observed value, simulations of conditional realizations
can be used to compute the probability of an excursion. The results for a variety of observed
values and sample locations are shown in Figure 6b. By using the excursion probabilities from
Figure 6b, it is possible to compute the conditional expected cost conditional upon observing the
specified value. Then, integrating all possible observed values and weighting each by its prob-
ability of occurrence, unconditional expected costs can be computed. The expected costs associ-
ated with taking samples at locations A through F are: 8.84 8.50 8.04 7.99 7.93 and 7.92. This
indicates that the optimal strategy would be to take a sample near the center of the area of inter-
est, as would be expected.

4.2.2 Two samples

If two samples are to be taken, an adaptive procedure can be used to choose the second sample
location based on the result of the first location. To keep the number of considered situations
manageable, the following system is proposed. First a sample is taken at location {x,y} =
{25,25}. In the adaptive sampling situation, the second location can be chosen once the outcome
of the first sample is known. If the first sample is close to the excursion threshold, the second
sample might be taken near to the first sample in order to learn more about this potentially criti-
cal region. If the first sample is far below the threshold, then the second sample should be taken
at a location far from the first sample, under the assumption that the region near the first sample
is of little concern, so other regions of the site should be studied. The considered locations for
the second sample are {x,y} = {30,30}, {60,60} and {90,90}.

Conditional excursion probabilities are computed using the conditional simulation technique
described above, and example results are shown in Figure 7 for a variety of sample locations
and observed values. These can again be linked with expected costs associated with observing
these values, and then by integrating over the probability of observing these values, expected

costs of various sample strategies can be evaluated.
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Figure 7: Probability of an excursion, conditional upon the observed values at the potential sample loca-
tions. (a) Results given that a value of -2.5 was observed at the first sample location. (b) Results given that
a value of 2.5 was observed at the first sample location.
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5 FUTURE WORK

The above work illustrates an approach by which decision theory can be used to identify optimal
schemes for sampling to detect an excursion in a random field. More work is required, however,
before the approach is ready for practical applications with large numbers of samples. Evalua-
tion of the decision tree used to choose sampling strategies requires computation of excursion
probabilities conditional upon every potential permutation of sample locations, and this is com-
putationally prohibitive because the probabilities are computed using simulation techniques. An
approach will be developed to sample a representative subset of possible sample locations, in



order to identify near-optimal strategies at a fraction of the computational cost. Analytic ap-
proximations to excursion probabilities will also be used to efficiently process large numbers of
potential sample locations, and to identify the sample options where more careful (i.e., more
computationally expensive) evaluations are needed.

The above approach focused only on detecting threshold excursions, while assuming that the
properties of the random field were known. In reality, however, many sampling activities are
concerned both with quantifying the relevant parameters of the random field as well as detecting
excursions. Work relating to sampling strategies for characterizing random fields has been done
(e.g., [11]), and those concepts could be combined with the ideas presented here. Evaluating
tradeoffs between multiple objectives may be difficult, however.

6 CONCLUSIONS

A risk-based sampling framework for detecting excursions in realizations of random fields has
been discussed. The goal of the framework is to identify optimal strategies for choosing sample
locations to minimize expected costs, where there are costs associated with taking samples, with
misclassifying a site as having no excursions and with classifying a site as having an excursion.
The problem is motivated by, for example, geotechnical sampling problems, where a limited
testing budget is available to obtain information about the potential presence of interesting fea-
tures underground (e.g., pockets of weak or liquefiable soil).

Using decision theory, a decision tree was developed to frame this question. A critical need
for evaluating the decision tree is an estimate for the probability of an excursion existing in a
given sample realization, conditional upon the observed values from samples taken at a speci-
fied set of locations. This excursion probability was computed using a conditional simulation
approach that allows for a great deal of flexibility in terms of the definition of the random field,
the sample locations, and the shape and size of the region of interest. The approach should prove
especially useful for developing adaptive sampling strategies, where the location of additional
samples is dependent upon the observed values of previous samples. Simple numerical exam-
ples were presented to illustrate how this approach could be evaluated. By providing a quantita-
tive method for evaluating these strategies, cost-saving improvements over typical sampling
strategies can be formulated.
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